
A Mathematical Analysis of Tournament SelectionIn L. Eshelman, ed., Genetic Algorithms: Proceedings of the 6th International Conference (ICGA95), Morgan Kaufmann, San Francisco, CA.Tobias Blickle and Lothar Thieleblickle@tik.ethz.ch thiele@tik.ethz.chComputer Engineering and Communication Networks Lab (TIK)Swiss Federal Institute of Technology Zurich (ETHZ)Gloriastrasse 35CH-8092 Z�urich, SwitzerlandAbstractGenetic Algorithms are a commonprobabilis-tic optimization method based on the modelof natural evolution. One important opera-tor in these algorithms is the selection schemeused to prefer better individuals. In thispaper a new description model for selectionschemes is introduced that operates on the�tness distribution of the population. Withthis method an extensive mathematical anal-ysis of the tournament selection scheme iscarried out that allows an exact predictionof the �tness values after selection. Further-more several new properties of tournamentselection are derived.1 INTRODUCTIONGenetic Algorithms (GA) are probabilistic search al-gorithms characterized by the fact that a number Nof potential solutions (called individuals Ji 2 J whereJ represents the space of all possible individuals) ofthe optimization problem simultaneously sample thesearch space. This population P = fJ1; J2; :::; JNg 2JN is modi�ed according to the natural evolutionaryprocess: after initialization, selection and recombina-tion are executed in a loop until some termination cri-terion is reached. Each run of the loop is called a gen-eration and P (� ) denotes the population at generation� .The selection operator is intended to improve the av-erage quality of the population by giving individualsof higher quality a higher probability to be copied intothe next generation. Thereby selection focusses thesearch on promising regions in the search space. Thequality of an individual is measured by a �tness func-tion f : J 7! R. Recombination changes the genetic

material in the population by crossover or by mutationin order to exploit new points in the search space.The balance between exploitation and exploration canbe adjusted either by the selection pressure of the se-lection operator or by the recombination operator, e.g.by the probability of crossover. As this balance is crit-ical for the behaviour of the GA it is of great interestto know the properties of the selection and recombi-nation operators to understand their in
uence on theconvergence speed.Some work has been done to classify the di�erent se-lection schemes such as proportionate selection, rank-ing selection, tournament selection. To do so, Gold-berg [Goldberg and Deb, 1991] introduced the termof takeover time. The takeover time is the number ofgenerations that is needed for a single best individ-ual to �ll up the whole population if no recombinationis used at all. Recently B�ack [B�ack, 1994] has an-alyzed the most prominent selection schemes used inEvolutionary Algorithmswith respect to their takeovertime. In [M�uhlenbein and Schlierkamp-Voosen, 1993]the selection intensity I in the so called Breeder Ge-netic Algorithm (BGA) is used to measure the progressin the population. The selection intensity is derived forproportional selection and truncation selection. De laMaza and Tidor [de la Maza and Tidor, 1993] analyzedseveral selection methods according to their scale andtranslation invariance.An analysis based on the behaviour of the best individ-ual (as done by Goldberg and B�ack) or on the averagepopulation �tness (as done by M�uhlenbein) only de-scribes a small aspect of a selection method. In thispaper a selection scheme is described by its interactionon the distribution of �tness values. This descriptionis introduced in the next section. In Section 3 an anal-ysis of the tournament selection is carried out and theproperties of the tournament selection are derived inSection 4. Section 5 compares tournament selection



with other selection methods, namely truncation se-lection. Finally some conclusions are given.2 DESCRIPTION OF SELECTIONSCHEMESIn general the behaviour of a selection scheme de-pends only on the �tness values of the individuals inthe population. In this paper we describe a selec-tion scheme using the �tness distribution before andafter selection. It thereby is assumed that selectionand recombination are done sequentially: �rst a se-lection phase creates an intermediate population andthen recombination is performed with a certain prob-ability on the individuals of this intermediate pop-ulation to get the population for the next genera-tion. This kind of description di�ers from the com-mon paradigms where selection is made to obtainthe individuals for recombination ([Goldberg, 1989;Koza, 1992]). But it is mathematically equivalent andallows to analyze the selection method separately.De�nition 2.1 (Fitness distribution) The func-tion s : R 7! Z+0 assigns to each �tness value f 2 R thenumber of individuals in a population P 2 JN carryingthis �tness value. s is called the �tness distribution ofa population P .De�nition 2.2 (Cumulative �tness distri-bution) Let n be the number of unique �tness valuesand f1 < ::: < fn�1 < fn (n � N) the ordering of the�tness values with f1 denoting the worst �tness occur-ing in the population and fn denoting the best �tnessin the population.S(fi) denotes the number of individuals with �tnessvalue fi or worse and is called cumulative �tness dis-tribution, i.e.S(fi) = 8<: 0 : i < 1Pj=ij=1 s(fj ) : 0 � i � nN : i > n (1)With these de�nitions a selection method can be de-scribed as a function that transforms a �tness distri-bution into another �tness distribution.De�nition 2.3 (Selection method) A selectionmethod 
 is a function that transforms a �tness dis-tribution s into an new �tness distribution s0:s0 = 
(s; par list) (2)par list is an optional parameter list of the selectionmethod.

As the selection methods are probabilistic we will oftenmake use of the expected �tness distribution.De�nition 2.4 (Expected �tness distribution)
� denotes the expected �tness distribution after ap-plying the selection method 
 to the �tness distributions, i.e. 
�(s; par list) := E(
(s; par list)) (3)s� = 
�(s; par list) is used as an abbreviation.With this notation not only the behaviour of the bestindividual in the population or of the average �tnessvalue can be described but all the aspects of a selectionscheme. Our aim is to predict s�(f) out of the given�tness distribution s(f). In the next section we wantto derive this prediction for tournament selection.3 TOURNAMENT SELECTIONTournament selection works as follows: Choose somenumber t of individuals randomly from the populationand copy the best individual from this group into theintermediate population, and repeat N times. Oftentournaments are held only between two individuals (bi-nary tournament) but a generalization is possible to anarbitrary group size t called tournament size.For the following calculations we assume that tourna-ment selection is done with replacement.Theorem 3.1 The expected �tness distri-bution 
�T (s; t) after performing tournament selectionwith tournament size t on the distribution s iss�(fi) = 
�T (s; t)(fi) = N  �S(fi)N �t � �S(fi�1)N �t!(4)Proof: We �rst calculate the expected number ofindividuals with �tness fi or worse, i.e. S�(fi). Anindividual with �tness fi or worse can only win thetournament if all other individuals in the tournamenthave a �tness of fi or worse. This means we have tocalculate the probability that all t individuals have a�tness of fi or worse. As the probability to choose anindividual with �tness fi or worse is given by S(fi)N weget S�(fi) = N �S(fi)N �t (5)Using this equation and the relation s�(fi) = S�(fi)�S�(fi�1) (see De�nition 2.2) we obtain (4). 2



(4) shows the strong in
uence of the tournamentsize t on the behavior of the selection scheme. Ob-viously for t = 1 we obtain (in average) the un-changed initial distribution as s�(fi) = 
�T (s; 1)(fi) =N �S(fi)N � S(fi�1)N � = S(fi)� S(fi�1) = s(fi).As an example of a discrete �tness distribution we usethe initial �tness distribution of the \wall-following-robot" problem from Koza [Koza, 1992]. This distri-bution is typical of problems solved by genetic pro-gramming: many bad (�tness value 1) and only veryfew good (�tness value 17) individuals exist. Figure1 shows the initial �tness distribution and the result-ing �tness distributions for di�erent tournament sizes.The high agreement between the theoretical derivedresults and a simulation is veri�ed in Figure 2. Herethe distributions accoring to (4) and the average of 20simulations are shown.
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Figure 1: Fitness Distribution before (|) and afterTournament Selection with Tournament Size t = 2 (- --), and t = 10 ({ {). The Population Size is N = 1000.In [B�ack, 1994] the probability for the individual withrank i to be selected by tournament selection is givenas pi = N�t((N � i + 1)t � (N � i)t), under the as-sumption that the individuals are ordered according totheir �tness value f(J1) � f(J2) � ::: � f(JN ). Notethat B�ack uses an \reversed" �tness function wherethe best individual has the lowest index. For compar-ison with our results we transform the task into anmaximization task using j = N � i+ 1:pj = N�t(jt � (j � 1)t) 1 � j � N (6)This formula is as a special case of (4) with all individ-uals having a di�erent �tness value. Then s(fi) = 1for all i 2 [1; N ] and S(fi) = i and pi = s�(fi)N yieldsthe same equation as given by B�ack. Note that thisformula is not valid if some individuals have the same�tness value.
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Figure 2: Comparison between Theoretical derivedDistribution (|) and Simulation (- - -) (TournamentSize t = 10).3.1 DESCRIPTION USING CONTINUOUSDISTRIBUTIONWe will now describe the distribution s(f) as a con-tinuous distribution �s(f) allowing the following prop-erties to be easily derived. To do so, we assume con-tinuously distributed �tness values. The range of thefunction �s(f) is f0 < f � fn, using the same notationas in the discrete case.We denote all functions in the continuous case with abar, e.g. we write �s(f) instead of s(f). Similar sumsare replaced by integrals, hence�S(f) = Z ff0 �s(x) dx (7)denotes the continuous cumulative �tness distribution.Theorem 3.2 Let �s be the continuous �tness distribu-tion of the population. Then the expected �tness distri-bution 
�T (�s; t) after performing tournament selectionwith tournament size t is�s�(f) = 
�T (�s; t)(f) = t�s(f)� �S(f)N �t�1 (8)Proof: Analogous to the proof of the discrete casethe probability of an individual with �tness f or worseto win the tournament is given by�S�(f) = N � �S(f)N �t (9)As �s�(f) = d �S�(f)df , we obtain (8). 2Figure 3 shows the resulting distributions after tour-nament if the initial distribution is a Gaussian distri-bution G(�; �) with G(�; �)(x) = 1p2�� e� (x��)22�2 . The



distribution �sG(f) = NG(�; �)(f) with � = 30; � =100; N = 1000 and f0 = �1; fn = +1 and the result-ing distributions after tournament with tournamentsize 2, 5, and 10 are shown in the interesting regionf 2 [0; 200].
50 100 150 200 250

f0

5

10

15

20

25

30

s(f)

Figure 3: Gaussian Fitness Distribution approxi-mately leads again to Gaussian Distributions afterTournament (from left to right: initial Distribution,Distribution after Tournament Selection with Tourna-ment Size t = 2, t = 5, t = 10).4 PROPERTIES OFTOURNAMENT SELECTION4.1 CONCATENATION OFTOURNAMENT SELECTION PHASESAn interesting property of tournament selection is theconcatenation of several selection phases. Assume anarbitrary population with the �tness distribution �s.We apply �rst tournament selection with tournamentsize t1 to this population and then on the resultingpopulation again tournament selection with tourna-ment size t2 (with no recombination in between). Theobtained �tness distribution is the same as if only onetournament selection with the tournament size t1t2 isapplied to the initial distribution �s.Theorem 4.1 Let �s be a �tness distribution andt1; t2 � 1 two tournament sizes. Then the followingequation holds
�T (
�T (�s; t1); t2) = 
�T (�s; t1 t2) (10)Proof:
�T (
�T (�s; t1); t2)(f) =t2
�T (�s; t1)(f) 1N Z ff0 
�T (�s; t1)(x) dx!t2�1 =

t2t1�s(f) 1N Z ff0 �s(x) dx!t1�1� 1N Z ff0 t1�s(x)� 1N Z xf0 �s(y) dy�t1�1 dx!t2�1As Z ff0 t1�s(x)� 1N Z xf0 �s(y) dy�t1�1 dx= N  1N Z ff0 �s(x) dx!t1we can write
�T (
�T (�s; t1; f); t2; f) =t2t1�s(f) 1N Z ff0 �s(x) dx!t1�1�0@ 1N Z ff0 �s(x) dx!t11At2�1 =t2t1�s(f) 1N Z ff0 �s(x) dx!t1t2�1 = 
�T (�s; t1 t2)(f)2In [Goldberg and Deb, 1991] the proportion P� of best-�t individuals after � selections with tournament sizet (without recombination) is given toP� = 1� (1 � P0)t� (11)This can be obtained as a special case from Theorem4.1.Corollary 4.1 Let �s(f) be a �tness distribution rep-resentable as�s(f) = �g(f)0@R ff0 g(x) dxN 1A��1 (12)with � � 1 and R fnf0 g(x) dx = N . Then the expecteddistribution after tournament with tournament size tis �s�(f) = � t g(f)0@R ff0 g(x) dxN 1A�t�1 (13)Proof: If we assume that �s(f) is the result of apply-ing tournament selection with tournament size � onthe distribution g(f), (13) is directly obtained usingTheorem 4.1. 2



4.2 REPRODUCTION RATEDe�nition 4.1 (Reproduction rate) The repro-duction rate �R(f) denotes the ratio of the number ofindividuals with a certain �tness value f after and be-fore selection�R(f) = ( �s�(f)�s(f) : �s(f) > 00 : �s(f) = 0 (14)A reasonable selection method should favor good indi-viduals by assigning them a reproduction rate �R(f) >1 and punish bad individuals by a ratio �R(f) < 1. Thereproduction rate of tournament selection is�R(f) = t� �S(f)N �t�1 (15)This means that the individuals with the lowest �tnesshave the lowest reproduction rate and the individualswith the highest �tness have a reproduction rate oft. In between the reproduction rate is monotonicallyincreasing.4.3 LOSS OF DIVERSITYDuring every selection phase bad individuals will belost and be replaced by copies of better one. Therebya certain amount of \genetic material" is lost that wascontained in the bad individuals. The number of indi-viduals that are replaced corresponds to the strengthof the \loss of diversity". This leads to the followingnew de�nition.De�nition 4.2 (Loss of diversity) The loss of di-versity pd is the proportion of individuals of a popula-tion that is not selected during the selection phase.Theorem 4.2 The loss of diversity of tournament se-lection is pd = t� 1t�1 � t� tt�1 (16)Proof: Let fz denote the �tness value such that�R(fz) = 1. For all �tness values f 2]f0; fz] the re-production rate is less than one. Hence the number ofindividuals that are not the selected during selectionis given by R fzf0 (�s(x) � �s�(x)) dx. It follows thatpd = 1N Z fzf0 (�s(x)� �s�(x)) dx= 1N  Z fzf0 �s(x) dx� Z fzf0 �s�(x) dx!= 1N � �S(fz)� �S�(fz)�

From the demand that �R(fz) = 1 it follows that�S(fz) = N t� 1t�1 and hence pd = t� 1t�1 � t� tt�1 2It is interesting to note that the loss of diversity isindependent of the initial �tness distribution. It turnsout that the number of individuals lost increases withthe tournament size (see Figure 4). About the half ofthe population is lost at tournament size t = 5.
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Figure 4: The Loss of Diversity pd of Tournament Se-lection4.4 SELECTION INTENSITYThe term \selection intensity" or \selection pressure"is often used in di�erent contexts and for di�erentproperties of a selection method. Goldberg and Deb[Goldberg and Deb, 1991] and B�ack [B�ack, 1994] usethe \takeover time" to de�ne the selection pressure.We use the term \selection intensity" in the sameway it is used in population genetics [Bulmer, 1980].M�uhlenbein has adopted the de�nition and applied itto genetic algorithms [M�uhlenbein and Schlierkamp-Voosen, 1993].The change of the average �tness of the population isa reasonable measure for selection intensity, but thisdepends on the initial �tness distribution. Using thenormalized Gaussian distribution G(0; 1) as initial �t-ness distribution leads to the following de�nition.De�nition 4.3 (Selection intensity) The selectionintensity I is the expected average �tness value ofthe population after applying the selection method 
to the normalized Gaussian distribution G(0; 1)(f) :=1p2� e� f22 : I = Z 1�1 f 
�(G(0; 1))(f) df (17)



The \e�ective" average �tness value �M� of a Gaussiandistribution with mean � and variance �2 can easily bederived as �M� = �I + �. Note that this de�nition ofthe selection intensity can only be applied if the selec-tion method is scale and translation invariant. This isthe case for tournament selection as shown for examplein [de la Maza and Tidor, 1993].To calculate the selection intensity of tournament se-lection the integral equationIT (t) = Z 1�1 t x 1p2�e� x22 �Z x�1 1p2�e� y22 dy�t�1 dx(18)has to be evaluated. This can be done analytically forthe cases t = 2 and t = 3:IT (2) = 1p�IT (3) = 32p�For larger tournament sizes (18) can be accuratelyevaluated by numerical integration. The result isshown in Figure 5 for a tournament size from 1 to30.
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Figure 5: Dependence of the Selection Intensity I onthe Tournament Size t.Thierens and Goldberg derive for a tournament size oftwo the same average �tness value [Thierens and Gold-berg, 1994] in a completely di�erent manner. But theirformulation can not be extended to other tournamentsizes.An explicit expression of (18) may not exist. By meansof the steepest descent method (see e.g. [Henrici,1977]) an approximation for large tournament sizescan be given. But even for small tournament sizesthis approximation gives acceptable results.

The calculations lead to the following recursion equa-tion: IT (t)k �qck(ln(t)� ln(IT (t)k�1)) (19)with IT (t)0 = 1 and k the recursion depth. The calcu-lation of the constants ck is di�cult. Taking a roughapproximation with k = 2 the following equation isobtained that approximates (18) with an relative er-ror of less than 2.4% for t 2 [2; 5], for tournament sizest > 5 the relative error is less than 1%:IT (t) �q2(ln(t) � ln(p4:14 ln(t))) (20)4.5 SELECTION VARIANCEIn addition to the selection intensity we introduce theterm of \selection variance".De�nition 4.4 (Selection variance) The selectionvariance V is the expected variance of the �tness dis-tribution of the population after applying the selec-tion method 
 to the normalized Gaussian distributionG(0; 1). V = Z 1�1(f � I)2 
�(G(0; 1))(f) df (21)Note that there is a di�erence between the selectionvariance and the loss of diversity. The loss of diversitygives the proportion of individuals that are not se-lected, regardless of their �tness value. As a result itis possible to determine the loss of diversity indepen-dent of the initial �tness distribution. The selectionvariance is de�ned as the new variance of the �tnessdistribution assuming a Gaussian initial �tness distri-bution. By specifying the �tness values speci�c state-ments about the selection variance (as well as aboutthe selection intensity) can be made.To determine the selection variance we need to solvethe equationVT (t) = Z 1�1 t (x� IT (t))2 1p2�e� x22� �Z x�1 1p2�e� y22 dy�t�1 dx (22)For a binary tournament we haveVT (2) = 1� 1�Here again only numerical computations give the se-lection variance for larger tournament sizes. Figure 6shows the dependence of the selection variance on thetournament size.
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Figure 6: The Dependence of the Selection VarianceV on the Tournament Size t.5 COMPARISON WITH OTHERSELECTION SCHEMESThe selection intensity is a important measure for theclassi�cation of selection schemes, because it allows aprediction of the behaviour of a simple genetic algo-rithm if the �tness values are normally distributed. In[M�uhlenbein and Schlierkamp-Voosen, 1993] a predic-tion is made for a genetic algorithm optimizing theONEMAX (or bit-counting) function using truncationselection and uniform crossover. In truncation selec-tion 
� with threshold T the fraction T best individ-uals survive and have the same selection probability1T . It is calculated that the number of generations un-til convergence is determined by �c = �2 pnI , where nis the problem size (string length) and I is the selec-tion intensity. Form this formula the convergence timecan be obtained for an arbitrary selection method bysubstituting I with the selection intensity of the corre-sponding selection method. For tournament selectionwe have �c � �2s n2(ln(t)� lnp4:14 ln(t) (23)In Table 1 some parameter settings for tournamentselection and truncation selection are given that leadto the same selection intensity.A more detailed comparison of the selection methodstournament selection, truncation selection and rankingselection can be found in [Blickle and Thiele, 1995]. Itis shown that for the same selection intensity tourna-ment selection has the smallest loss of diversity and thehighest selection variance. It is concluded that tour-nament selection is in some sense the best selectionmethod among the three.

Table 1: Some Parameter Settings for Truncation Se-lection (T ) and Tournament Selection t that lead to thesame Selection Intensity I (from [Blickle and Thiele,1995]).I 0.56 0.84 1.03 1.16 1.54 2.16
T :t 2 3 4 5 10 40
�:T 0.66 0.47 0.36 0.30 0.15 0.046 CONCLUSIONBased on a mathematical description using the �tnessdistribution of a population, several new properties ofthe tournament selection scheme have been derived inthis paper. Often the behaviour of tournament de-pends on the initial �tness distribution and no generalbehaviour can be given without knowledge of the �t-ness distribution. But some properties are indepen-dent of the distribution namely the concatenation oftournament runs (Theorem 4.1) and the loss of diver-sity (Theorem 4.2). By this several independently de-rived aspects of the tournament selection scheme couldbe uni�ed as special cases of Theorem 3.1. The calcu-lation of the selection intensity allowed the predictionof the convergence time for a simple GA using tour-nament selection with arbitrary tournament size t anduniform crossover.The described properties give a better insight into thebehaviour of the tournament selection scheme and thein
uence of the tournament size parameter.AcknowledgementsThe authors thank J. Waldvogel who derived the ap-proximation formula (19) for the selection intensity.References[B�ack, 1994] Thomas B�ack. Selective pressure in evo-lutionary algorithms: A characterization of selectionmechanisms. In Proceedings of the First IEEE Con-ference on Evolutionary Computation. IEEE WorldCongress on Computational Intelligence (WCCI),pages 57{62, 1994.[Blickle and Thiele, 1995] Tobias Blickle and LotharThiele. A comparison of selection schemes usedin genetic algorithms. Technical Report 11, Com-puter Engineering and Communication NetworksLab (TIK), Swiss Federal Institute of Technology(ETH) Zurich, Gloriastrasse 35, CH-8092 Zurich,1995.
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